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We show that by injecting a light pulse prepared in a non-Gaussian quantum state into
the dark port of a two-arm interferometer, it is possible to detect a given phase shift with
the fidelity which is limited only by the optical losses and the photodetection inefficiency.
The value of the phase shift is inversely proportional to the amplitude of the classical carrier
light injected into another (bright) port of the interferometer. It can be reduced by using an
additional degenerate parametric amplifier (squeezer) in the input dark port and the matching
anti-squeezer in the output dark port.
We show that using the modern high-efficiency photon number resolving detectors, it is
possible to reduce the detection error by almost one order of magnitude in comparison with
the ordinary (Gaussian-state) interferometry.
I. INTRODUCTION
At the most fundamental level, the sensitivity of interferometric optical phase measurements is
limited by the quantum uncertainties of the probing light and therefore depends on its quantum state.
In the case of coherent quantum states generated by phase-stabilized lasers the phase sensitivity
corresponds to the shot noise limit:
∆φSNL ∼ 1√
N
, (1)
where N is the mean number of photons used for the measurement. Better sensitivity, for a given
N , can be achieved by using squeezed quantum states [1]. If the squeezing is not very strong,
e2r  N , where r is the logarithmic squeeze factor, then the phase sensitivity can be improved by
er in comparison with the SNL:
∆φSQZ ∼ e
−r
√
N
. (2)
This improvement was demonstrated in kilometers-scale interferometers of laser gravitational-wave
detectors GEO-600 and LIGO [2–4]. In the very strong squeezing case of e2r ∼ N , the phase
sensitivity of squeezed states reaches the Heisenberg limit [5–7]:
∆φHL ∼ 1N . (3)
Both coherent and squeezed states are Gaussian ones, that is their wave functions are Gaussian
in the position and momentum representations. It could be expected that the Heisenberg limit
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FIG. 1. Two equivalent implementations of the non-Gaussian interferometer: the Mach-Zehnder (left) and
the Michelson (right). OC— optical circulator; DOPA— optional degenerate optical parametric amplifiers.
can be exceeded by non-Gaussian quantum states of light. However, this is not the case: the 1/N
scaling of the phase sensitivity holds for arbitrary quantum states [6, 8, 9].
The common feature of Eqs. (1-3) is that they describe the mean squared error of the mea-
surement of an apriori unknown phase shift. At the same time, in many cases the measurement
goal can be formulated in a different way — namely, the binary (yes/no) detection of some given
phase shift. In this case, the non-Gaussian quantum states could provide radically better detection
fidelity than the Gaussian ones because they can be orthogonal to each other and therefore can be
discriminated unambiguously [10].
Here we propose a scheme of interferometric measurement which implements this approach. In
the next section, we describe this scheme and calculate its sensitivity in the ideal detection case. In
Sec. III we take into account of the detection inefficiency. In the concluding Sec. IV, the prospects
of the experimental implementation of the non-Gaussian interferometer are discussed.
II. UNAMBIGUOUS PHASE SHIFT DETECTION SCHEME
Consider a standard two-arm (Mach-Zehnder or Michelson) interferometer, see Fig. 1. Suppose
that it is pumped through one of its input ports (the “bright” one) by classical (coherent) light.
Suppose also that a single-photos optical pulse is injected into the second input port (the “dark”
one). We assume that the interferometer is tuned in such a way that in the absence of a signal
differential phase shift φ in its arms the classical pumping power is absent at one of its output ports,
the “dark” one (the “dark fringe” regime).
Let aˆ, bˆ be the annihilation operators of the optical fields at, respectively, the bright and the dark
input ports. We do not take into account for a while the optional degenerate optical parametric
amplifiers shown in Fig. 1, assuming that r = 0. In this case, a straightforward calculation (using
the Heisenberg picture) gives that the corresponding annihilation operator of the optical field at the
output dark port is equal to
cˆ = bˆ cos φ + i(α + aˆ) sin φ, (4)
3where α is mean coherent amplitude of input field, which we assume to be real (evidently, this
assumption does not violate generality).
For simplicity, we consider here the most important practically case of the strong classical
pumping and the small signal phase shift, assuming that φ→ 0 and α→∞, while the product αφ
remains finite. In this case,
cˆ→ bˆ + β = Dˆ†(β)bˆDˆ(β) , (5)
where
Dˆ(β) = eβbˆ†−β∗bˆ (6)
is the displacement operator and
β = iαφ . (7)
Suppose that an n-photon quantum state |n〉 in injected into the “dark” input port. In the
Schroedinger picture, Eq. (5) corresponds to the following relation between this state and the
corresponding state at the output dark port:
|β, n〉 = Dˆ(β)|n〉 . (8)
In the absence of the signal, φ = 0, the input state just passes through the interferometer unchanged:
|0, n〉 = |n〉 . (9)
The scalar product of the states (9) and (8) is equal to
〈0, n|β, n〉 = 〈n|D(β)|n〉 = Ln(|β|2)e−|β|2/2 , (10)
where Ln is the n-th Laguerre polynomial. If |β |2 is equal to one of its roots:
Ln(|β|2) = 0 , (11)
then the product (10) is equal to zero, that is the states (9) and (8) are orthogonal to each other.
This means that these states can be discriminated unambiguously [10].
As a practical measurement procedure, the straightforward counting of the photons number at
the output dark port can be used. Really, it follows from Eqs. (8-10) that if the condition (11) is
fulfilled then the output number of photons cannot be equal to n. At the same time, in the absence
of the signal (β = 0), always exactly n photons will be detected.
The standard figures of merit of the binary detection schemes are the “false negative” (missing
the signal) and “false positive” (erroneous detection) probabilities Pf.n. and Pf.p.. In our case, Pf.p.
evidently equal to zero, and
Pf.n. = |〈n|β, n〉|2 = |Ln(|β|2)|2e−|β |2 . (12)
In the practically most important case of the single-photon input state, n = 1, the “false negative”
probability is equal to
Pf.n. = (1 − |β|2)2e−|β |2 . (13)
and vanishes at |β | = 1, that is at
|φ| = 1|α | . (14)
4FIG. 2. Plots of the error probabilities for the vacuum and the single-photon input states. Dots: Pf.n.,
vacuum input, η = 1; dashes: Pf.n., single-photon input, η = 1; solid: Pf.n., single-photon input, η = 0.95;
thin horizontal line: Pf.p., single-photon input, η = 0.95.
It is instructive to compare these results with the ones for the vacuum state at the input dark
port. The corresponding output state is the coherent one:
|β, 0〉 = Dˆ(β)|0〉 , (15)
which gives the Poissonian statistics of the detected number of quanta:
|〈n|β, 0〉|2 = |β |
2ne−|β |2
n!
. (16)
In this case, Pf.p. = 0 and
Pf.n. = e−|β |
2
. (17)
It is easy to see that the value of |β | = 1 gives a significant “false negative” probability, equal to
1/e.
In Fig. 2, the “false negative” probabilities (13) and (17) are plotted as functions of |β|.
The optimal value of the signal phase shift (14) scales with N as the shot noise limit (1).
However, similar to the Gaussian interferometry case, this scaling can be improved by using the
additional squeezing of the incident quantum state. Suppose that before entering the interferometer,
the n-photon pulse passes through the degenerate optical parametric amplifier (the squeezer), as
shown in Fig. 1. This gives the squeezed Fock state Sˆ(r)|n〉 at the interferometer input, where
Sˆ(r) = er(bˆ†2−bˆ2)/2 (18)
is the squeeze operator. The corresponding quantum states at the interferometer output for the
cases of φ , 0 and φ = 0 are equal to, respectively:
|β, r, n〉 = Dˆ(β)Sˆ(r)|n〉 , (19)
|0, r, n〉 = Sˆ(r)|n〉 , (20)
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FIG. 3. Model of a non-ideal detector with the quantum efficiency η
compare with Eqs. (8, 9). Then note that
Sˆ†(r)Dˆ(β)Sˆ(r) = Dˆ(βer) . (21)
Therefore, the scalar product of the states (20, 19) is equal to
〈0, r, n|β, r, n〉 = 〈n|D(βer)|n〉 = Ln(|β|2e2r)e−|β|2e2r/2 , (22)
Comparison of this equation with Eq. (10) shows that the squeezing shrinks the values of β which
provide the unambiguous detection by the squeeze factor er . In particular, the condition (14) for
the case of n = 1 modifies as follows:
|φ| = e
−r
|α | , (23)
which corresponds to the squeezing-improved SNL (2).
The quantum states (19, 20) can be discriminated using the following two-stage procedure. First,
they have to be “unsqueezed” back using the second DOPA at the output of the interferometer, with
the squeeze factor opposite to the one of the first one, see Fig. 1:
Sˆ(−r)|β, r, n〉 = Sˆ†(r)Dˆ(β)Sˆ(r)|n〉 = |βer, n〉 , (24)
Sˆ(−r)|0, r, n〉 = Sˆ†(r)Sˆ(r)|n〉 = |0, n〉 . (25)
Taking into account that these quantum states again has the form (8, 9), only with the amplified
signal displacement βe2r , the photons number counting still can be used to discriminate them.
Note that this layout, namely the interferometer preceded by the squeezer and followed by the
anti-squeezer, was first proposed by C.Caves [1] as the mean for suppressing of the photodetection
inefficiency influence in the “ordinary” (Gaussian light) interferometers. As it is shown in the next
section, the second DOPA provides the same advantage in the considered here non-Gaussian case
as well.
III. PHOTODETECTION INEFFICIENCY
It is well known that the sensitivity gain provided non-classical states of light is vulnerable to the
optical losses. In the modern interferometers, the most serious limiting factor is the photodetection
inefficiency, see e.g. the loss budget analysis in [2, 3]). Here we calculate how this inefficiency
affects the non-Gaussian interferometry.
We model the finite quantum efficiency η < 1 of the detector by means of an imaginary
beamsplitter with the power transmissivity η, which mixes the measured field bˆ with the auxiliary
vacuum field described by the annihilation operator dˆ, see Fig. 3. In the Heisenberg picture, this
6beamsplitter transforms its incident fields as follows:
Uˆ†cˆUˆ = √η cˆ +
√
1 − η dˆ , (26a)
Uˆ†dˆUˆ = −
√
1 − η cˆ + √η dˆ , (26b)
where Uˆ is the corresponding unitary evolution operator. It follows from these equations, that
UˆcˆUˆ† = √η cˆ −
√
1 − η dˆ , (27)
In the Schroedinger picture, the transformation of the quantum state ρˆ at the detector input to
the effective damped one ρˆη is described by the following equation:
ρˆη = Trd
(Uˆ ρˆ ⊗ |0〉d d 〈0|Uˆ†), (28)
where |0〉d is ground state wave function of the auxiliary optical mode and the trace is taken over
the states of this mode.
In order to avoid over-cluttering of the equations, we limit ourselves by the simplest but the
most important case of the single-quantum state:
ρˆ = |βer, 1〉〈βer, 1| . (29)
It can be shown that in this case,
ρˆη = η |βη, 1〉〈βη, 1| + (1 − η)|βη, 0〉〈βη, 0| , (30)
where
βη =
√
ηβer . (31)
It follows from Eq. (30) that the detection inefficiency affects the sensitivity in several ways.
First, it reduces the effective signal by the factor √η. However, for the state-of-art detectors with
1 − η  1 the corresponding decrease of βη is small and, if necessary, can be compensated by
the proportional increase of the pump power or squeeze factor. Second, the detection inefficiency
dilutes the non-Gaussian state |βη, 1〉 with the coherent (Gaussian) state |βη, 0〉. The resulting
“false negative” probability for the state (30) is equal to
Pf.n. = 〈1| ρˆη |1〉 =
[
η
(
1 − |βη |2
)2
+ (1 − η)|βη |2
]
e−|βη |
2
. (32)
The minimum of this equation in βη is provided by
|βη | = 1 (33)
and is equal to
Pf.n. =
1 − η
e
. (34)
Therefore, the unambiguous detection is impossible in this case. However, the “false negative”
probability is suppressed by 1 − η in comparison with the Gaussian case, compare Eqs. (17) and
(34). The detection inefficiency creates also a non-zero “false positive” probability:
Pf.p. = 1 − 〈1| ρˆη |1〉

β=0 = 1 − η . (35)
7The error probabilities (34, 35) are plotted in Fig. 2 as functions of βη for the demanding but
realistic case of η = 0.95 [11].
Note that these error probabilities do not depend on the squeeze factor r (for the given value of
βη), that is the sensitivity degradation imposed by the detection inefficiency is not sensitive to the
squeezing degree of the input quantum state. The reason for this is the amplification, provided by
the second DOPA [1].
IV. CONCLUSION
The scheme of the non-Gaussian interferometer considered here crucially depends on two ad-
ditional (in comparison with ordinary interferometers) elements: (i) a deterministic source of
source of single-photon light pulses and (ii) a high-efficient photon-number-resolving photodetec-
tor. Fortunately, technologies of both generation and detection of single photons were under active
development during the last decades, stimulated by the needs of quantum information science, see
e.g. the review articles [12–14], as well as the recent work [15].
In particular, the photon-number-resolving quantumefficiency exceeding 95%was demonstrated
using themodern cryogenic transition-edge sensors [11]. It can be seen fromEqs. (34, 35) and Fig. 2
that for this value of the quantum efficiency, the gain in the detection error probability approaches
one order of magnitude, in comparison with the ordinary Gaussian-state interferometry. Moreover,
the error probability is noticeably suppressed not only at the optimal value of the phase shift,
defined by Eq. (33), but also in the rather broad range around this value. This means that the
considered scheme is robust with respect to deviations of the signal phase shift from the apriory
value (33).
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